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An observation on class numbers of Dedekind domains is used to extend an 
earlier result by the author on the orthogonal splitting of quadratic forms over the 
Hasse domains of global function fields. ‘%J 1988 Academic Press, Inc. 
Let R be a Dedekind domain. We let S denote its set of nonzero prime 
ideals, JR its group of fractional ideals, P, the subgroup of principal frac- 
tional ideals, h, the class number (I, : PR), and [A] the ideal class of a 
fractional ideal A. We adopt the convention that a = b (mod 0) means that 
a = b. Also, we will use the following fact from elementary group theory: If 
C is a finite abelian group and n is a nonnegative integer, then (ICI, n) = 1 
if and only if every element of G is an nth power. 
LEMMA. Let R be a Dedekind domain with class number h, -C CO, and let 
n be a nonnegative integer. Then the following two conditions are equivalent. 
(i) For every fractional ideal A there is an element u E R such that 
ord, a - ord, A (mod n) for all P E S. 
(ii) (hR, n) = 1. 
Proof. Assume statement (i) holds, and let A be any fractional ideal. 
Choose an element a as in (i); then the element j? = ~1~ ’ satisfies 
ord.(pA) = 0 (mod n) for all P E S. There is therefore a fractional ideal B 
such that B” = j?A, and hence [B]” = [A]. Thus every element of I,/P, is 
an nth power, and hence (hR, n) = 1, as desired. 
Now assume (ii), and let A E I,. We have [A J = [B]” for some BE I, ; 
hence flB” = A for some jI in the quotient field of R, so ord, j? = ord, A 
(mod n) for each P E S. Choose 1 E R such that ,Ifl E R. Then a = n*fi has 
the desired property. Q.E.D. 
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COROLLARY. The class number h, is odd tf and only tf for each finite set 
T of prime ideals there is an element a E R such that 
ord, a is 
odd if PET 
even if P& T. 
Now recall that a global function field F is a finite extension of a rational 
function field k(x), where k is a finite field. And a Hasse domain of such a 
field F is a Dedekind domain R obtained by intersecting almost all (but not 
all) the valuation rings of F. In fact, by suitably choosing x in F, there is no 
loss of generality in supposing that R is the integral closure of the 
polynomial ring k[x] in F (see [2, Section 1)). 
With R and F as in the preceding paragraph (and with char F# 2), it 
was shown in [l] that every R-lattice on a quadratic F-space of dimension 
n 2 7 has an orthogonal splitting L = L, I Lz; and, under the additional 
assumption that h, = 1, the conclusion was shown to hold whenever n > 5. 
Now we will show that the hypothesis that hR is odd is enough to guaran- 
tee a splitting whenever n > 5. We will freely use the notation and results in 
O’Meara [3]. 
THEOREM. Let F be a global function field of characteristic not 2, and let 
R be a Hasse domain of F with odd class number hR. Suppose V is a regular 
quadratic F-space of dimension n > 5, and let L be an R-lattice on V. Then L 
has an orthogonal splitting 
in which rank Li = 2, for 1 < i < t - 1, and rank L, < 4. 
Proof As before, we use S for the set of nonzero prime ideals of R; 
equivalently, S can be viewed as the set of spots on F whose valuation rings 
intersect to give R. Fix a spot PE S. There are nonzero elements 
al(p)v a2(p), -., ancp) E Fp such that 
Lpg (alcp), azcp), . . . . ancp)) and al(p)a2(p) c J% 
(Here we have used the fact that (I’,:p$) = 4, the assumption that n > 5, 
and the pigeonhole principle.) Call P odd if ord, aICpI is odd. 
Now let T denote the set of all odd spots in S, and choose a as in the 
corollary. Because L splits if and only if the scaled lattice L” splits, without 
loss of generality we will assume that ordpal(p,=O (mod 2) at all PES. 
Consider an F-space W, r ( 1, 1). Then W, is represented by V (by the 
Hasse-Minkowski theorem), and IV,, z (a,(,,, a2Cpj) at each PE S. 
There is therefore a splitting V = V, I V, with V, z IV, and with 
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vzp = (a3(p)y . . . . antp) ) at each PE S (by Witt’s theorem). Hence V sup- 
ports a lattice A4 = M, I M, E gen L satisfying 
MIp r (aIcp), azcpj > and Mzp 1 <a3cp,3 . . . . ancp)) 
at each P E S. Theorem 2 of [ 1 ] then shows that such a lattice A4 exists in 
the spinor genus of L. But the spinor genus and the class of L coincide ([ 3, 
Theorem 104:5]), hence there is an isometry L z M, I Ml. If rank M2 > 5, 
repeat the entire argument with M, in place of L. Q.E.D. 
We note that Hasse domains of any desired class number can be readily 
constructed. (See [2, Theorem 1.1 I.) Whether there exist indecomposable 
R-lattices of rank 5 or 6 when h, is even remains an open question. 
But, independent of h,, the existence of indecomposables of rank 4 is 
guaranteed (see [4, Theorem 3.11). 
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